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In deeply inelastic heavy-ion collisions, the quadrupole deformations of both fragments are taken
as stochastic independent dynamical variables governed by the Fokker–Planck equation (FPE) under
the corresponding driving potential. The mean values, variances and covariance of the fragments are
analytically expressed by solving the FPE in head on collisions. The characteristics and mechanism of the
deformation are discussed. It is found that both the internal structures and interactions of the colliding
partners are critical for the deformation relaxation in deeply inelastic collisions.
© 2014 The Authors. Published by Elsevier B.V. Open access under CC BY license. Funded by SCOAP3.1. Introduction
During deeply inelastic heavy-ion collisions (DIHIC), due to
strong nuclear and Coulomb interactions the colliding nuclei will
deform considerably, and the most important deformation is the
quadrupole one. Due to the fast radial kinetic energy loss, the
system is excited in a region of high level density. The excited
nucleons may be distributed at many different energy levels. The
position change of many nucleons results in an irreversible de-
formation, and the excitation energy deposits in the deformation
degrees of freedom. Since the exact treatment of a complete cou-
pling between the collective and intrinsic variables is impossible
for heavy-ion reactions presently, this time dependent dynamical
deformation is diﬃcult to be described, and no theory has suc-
ceeded in describing it so far. Earlier theoretical treatments usually
combine with the deformation relaxation time extracted from ex-
periments [1–3], and not much attention is drawn to this issue
since then. The time dependent dynamical deformation has been
studied numerically in Ref. [4], where the fragment deformations
are coupled with nucleon transfer for heavy ion fusion reactions to
form superheavy nuclei. Here the evolution of fragment deforma-
tions in DIHIC is considered as a dissipative process governed by
the Fokker–Planck equation (FPE) under the corresponding driv-
ing potential. We expect the analytical solution to explicitly show
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nized as follows: The model to describe the fragment deformation
in heavy-ion collisions is given in Section 2. In Section 3 the ap-
plications and discussions are shown, and ﬁnally the summary is
presented in Section 4.
2. The description of the fragment deformation
The shape relaxation in DIHIC has been viewed as a dissipative
process, and described by the FPE [3]. However, there the defor-
mations of the two fragments are formalized by the same shape
relaxation time. Here, the quadrupole deformations of both frag-
ments are taken as independent variables. The distribution proba-
bility at time t to ﬁnd the quadrupole deformation of fragment i
(i = 1,2) to be β1,2 obeys the following FPE:
dP (β1, β2, t)
dt
= −
2∑
i=1 
∂
∂βi
(
νi P (β1, β2, t)
)
+
2∑
i=1 
∂2 
∂β2i
(
Di P (β1, β2, t)
)
, (1)
where νi (i = 1,2) are drift velocities of fragment deformations,
Di (i = 1,2) are the corresponding diffusion coeﬃcients, which are
taken to be diagonal, and are related with the components of the
drift velocities via the Einstein relation:
νi = −Di ∂U (β1, β2, t) . (2)
T ∂βi
 Funded by SCOAP3.
106 L. Yu et al. / Physics Letters B 730 (2014) 105–110Fig. 1. The potential energy surfaces of nuclei as a function of the quadrupole deformation parameter β . The open squares are the calculated values by using a computer
program formulated by Wang et al. [7], and the solid lines are the quadratic curves to ﬁt the calculated data.Here the temperature of nuclei T is determined by the dissi-
pation energy of the relative motion, which is described by the
parametrization method of the classical deﬂection function [5,6],
and is taken to be the same for both fragments due to the rapid
relaxation of the radial kinetic energy. U (β1, β2) is the driving
potential of the system. For the head on collisions, the driving po-
tential reads:
U (β1, β2, t) = M(A1, Z1, β1) + M(A2, Z2, β2) + UN + UC , (3)
where UN and UC are the nuclear and Coulomb interactions be-
tween the colliding nuclei, respectively. The M(A1, Z1, β1) and
M(A2, Z2, β2) are the masses of two deformed nuclei, respec-
tively. The deformation dependent mass is studied by Wang et al.
[7], which is based on the macroscopic–microscopic method, and
in which the isospin and mass dependence of model parame-
ters including axial deformation are investigated with the Skyrme
energy density functional together with the extended Thomas–
Fermi approximation. So the potential energy surfaces contain the
information of all intrinsic structure of the nucleus, which can
be expressed as E(Zi, Ai, βi, βi0), and are calculated by a com-
puter program formulated by Wang et al. [7] for various nuclei
concerned in the current study, and shown in Fig. 1 as a func-
tion of the quadrupole deformation parameter of nucleus with
open squares. The βi0 is the ground state deformation of nu-
cleus.
Since the difference between the nuclear mass and the nuclear
potential energy surface is a constant, and we are only interested
in their deformation dependence, the nuclear potential energy sur-
face E is of our interest instead of nuclear mass M .
In Fig. 1 the solid lines are the quadratic parabola E(Zi, Ai,
βi, βi0) = Ei0 + Ei1βi + Ei2β2i with the coeﬃcients Ei0, Ei1, Ei2 ob-
tained by ﬁtting the calculated data. The ﬁtting coeﬃcients for
some concerned nuclei are listed in Table 1.Table 1
The quadratic parabola ﬁtting coeﬃcients.
nucleus Ei0 (MeV) Ei1 (MeV) Ei2 (MeV)
48Ca −416.15312 1.33473 101.25257
58Cr −499.23983 −32.28258 116.43682
86Se −735.30406 −48.93137 202.25634
102Zr −848.59047 −91.54754 143.17626
190W −1502.08737 −99.12881 351.36639
206Hg −1621.21845 5.81462 383.33494
208Pb −1636.49767 0.09682 516.36406
234Th −1763.86864 −124.48994 335.21921
244Pu −1816.72089 −161.20812 356.42703
248Cm −1836.37755 −191.42632 417.25087
The Coulomb interaction is taken as [8]
UC = Z1 Z2e
2
r
+
(
9
20π
)1/2 Z1Z2e2
r3
2∑
i=1
R2i βi P2(cos θi)
+
(
3
7π
)
Z1Z2e2
r3
2∑
i=1
R2i
(
βi P2(cos θi)
)2
, (4)
where θi are the angles measured between the radius vector r and
the symmetry axis of the ith nucleus. Since only the pole to pole
orientation is taken into account, θi = 0. Ri is the radial component
of the ith nucleus.
The nuclear potential is taken to be a harmonic oscillator type
in order to obtain an analytical solution though an appropriate
interaction potential for heavy systems is rather of Woods–Saxon
type:
UN =
⎧⎨
⎩ V0 +
1
2μω
2[r −∑2i=1 Ri(1+√ 54π βi)]2, r < Rint,
0, r  Rint,
(5)
where V0 = −40 MeV, μ = A1 A2A1+A2 is the reduced mass, Rint =
R1 + R2 is the interaction radius, and at this radius the nuclear
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fragment deformation parameters β1 (48Ca), β2 (248Cm).
potential takes to be zero. Two nuclei are assumed being located
at the bottom of the interaction potential.
The driving potential of the reaction system 48Ca + 248Cm is
shown in Fig. 2 as functions of fragment deformations. The arrow
in the ﬁgure indicates the initial fragment deformations. It suggests
that deformations of the nuclei will evolve towards the minimum
of the driving potential.
Out of the FPE (1) the mean values 〈βi〉, variances σ 2i = 〈β2i 〉 −
〈βi〉2 and covariance σ 212 = 〈β1β2〉 − 〈β1〉〈β2〉, i = 1,2, obey the
following differential equations:⎧⎪⎨
⎪⎩
∂
∂t
〈β1〉 = a1〈β1〉 + a2〈β2〉 + a3,
∂
∂t
〈β2〉 = b1〈β1〉 + b2〈β2〉 + b3.
(6)
The initial conditions are: 〈βi〉|t=0 = βi0 with the βi0, i = 1,2 being
the ground state deformations of the fragments, respectively. And⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
∂
∂t
σ 21 = 2a1σ 21 + 2a2σ 212 + 2D1,
∂
∂t
σ 22 = 2b1σ 212 + 2b2σ 22 + 2D2,
∂
∂t
σ 212 = b1σ 21 + (a1 + b2)σ 212 + a2σ 22 ,
(7)
with σ 2i |t=0 = 0, σ 212|t=0 = 0, i = 1,2.
By means of the Laplace transformation, the solutions of Eq. (6)
are obtained as:{
〈β1〉 = c0 + c1 exp(−t/τ1) + c2 exp(−t/τ2),
〈β2〉 = d0 + d1 exp(−t/τ1) + d2 exp(−t/τ2), (8)
where τi = −1/λi , i = 1,2, and⎧⎪⎨
⎪⎩
λ1 = 1
2
(a1 + b2) + 1
2
√
(a1 − b2)2 + 4a2b1,
λ2 = 1
2
(a1 + b2) − 1
2
√
(a1 − b2)2 + 4a2b1.
(9)
The solutions of Eq. (7) read:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩
σ 21 =m0 +m1 exp(−2t/τ1) +m2 exp(−2t/τ2)
+m3 exp(−2t/τ3),
σ 22 = n0 + n1 exp(−2t/τ1) + n2 exp(−2t/τ2)
+ n3 exp(−2t/τ3),
σ 212 = p0 + p1 exp(−2t/τ1) + p2 exp(−2t/τ2)
+ p exp(−2t/τ ),
(10)3 3Fig. 3. The time evolution of mean values (left) and variances, covariance (right)
of the fragment deformations for the reaction 48Ca + 248Cm at the center of mass
bombarding energies Ecm = 240,280,320,360 MeV, respectively.
where τ3 = −1/λ3, and
λ3 = 1
2
(a1 + b2). (11)
Deﬁning d = σ 21 σ 22 − σ 412, then the solution of the FPE, i.e. at time
t the distribution probability to ﬁnd deformations of the fragments
being β1 and β2 reads:
P (β1, β2, t) = 1
2π
√
d
exp
[
− (β1 − 〈β1〉)
2σ 22
2d
− (β2 − 〈β2〉)
2σ 21
2d
+ (β1 − 〈β1〉)(β2 − 〈β2〉)σ
2
12
d
]
. (12)
The mentioned coeﬃcients in the all above formulations are given
in Appendix A, and it is easy to ﬁnd out that they are all deter-
mined by the driving potential, and related to the nuclear tem-
perature. The equation in the above exponential part is an ellipse
equation with respect to deformation parameters. If the covariance
equal zero, the ellipse is straight, otherwise the ellipse will turn an
angle:
φ = 1
2
arctan
2σ 212
σ 21 − σ 22
, (13)
the angle is implying that the deformations are correlated.
3. Applications and discussions
For application, the time evolution of mean fragment deforma-
tions of the reaction channel 48Ca + 248Cm at different center of
mass bombarding energies is shown in the left column of Fig. 3,
where the diffusion coeﬃcient is taken as D = 60 × 10−23 s ac-
cording to the early empirical estimations [3], and D1,2 = D A1,2A1+A2 ,
and it will be further studied microscopically in our later research.
In Fig. 3, it is seen that the mean values of both fragments
increase with time exponentially, and ﬁnally reach equilibriums
which are decided by c0 and d0, respectively, in spite of the bom-
barding energy, and which are located at the minimum of the
potential energy. However, to reach the equilibriums of the mean
quadrupole deformation values of the 248Cm and 48Ca spend quite
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The solid point is the injection point.
different time. The mean deformation for the 248Cm from the ini-
tial 〈β2〉 = 0.229 reaches the equilibrium 〈β2〉 = 0.250 nearly at
t = 30× 10−21 s, and the mean deformation for the 48Ca, which is
a double magic spherical nucleus, from the initial 〈β1〉  −0.006
has not reached the equilibrium 〈β1〉 = 0.0511 until t = 600 ×
10−21 s, the deformation progresses very slowly. The relaxation
time difference for the two nuclei is more than twenty times
larger. With increasing incident energy, the increasing speed of
the mean deformations decreases, because the deformation drift
velocities in Eq. (2) are inversely proportional to the nuclear tem-
perature, and so to the incident energy.
The deformation dispersion variances and covariance of the re-
action 48Ca+ 248Cm at different center of mass energies are shown
in the right column of Fig. 3. The deformation dispersion vari-
ances of the two nuclei also increase exponentially with time, and
the variances of the Cm (σ 22 ) increase faster than those for the
Ca (σ 21 ), though the increased magnitude of the variances of the
Ca is bigger than those of the Cm. This is resulted from the in-
trinsic structure of the nuclei 48Ca and 248Cm, that from Fig. 1 one
may ﬁnd that with increasing potential energy surface, the nucleus
48Ca has more space to deform than that for the 248Cm. With in-
creasing incident energy, the nuclei are more excited, the variances
of the fragments increase with time faster, and equilibrium values
increase. This is reasonable for a diffusion system. The minus co-
variance σ 212 indicates that the deformations of the two nuclei are
anti-correlated so that the two deforming nuclei restrict each other
to accommodate the total energy of the system. The origin of the
anti-correlation results from the driving potential. Fig. 4 shows the
contour plot of the driving potential of the system 48Ca + 248Cm,
in which the equal potential lines consist of a set of ellipses. The
principal axis is not parallel to the coordinate, but tilted an an-
gle, though the angular is very small. Here the turning angle is:
φ = −0.66◦ . To keep an equal-potential ellipse, a certain β1 and
β2 combination is needed. The tilt of the ellipse has changed the
combination area.
The time evolution of the deformation distribution function
P (β1, β2, t) of the system 48Ca+248Cm at Ecm = 240 MeV is shown
in Fig. 5. One can ﬁnd that at the beginning of the reaction, the de-
formation distribution function is distributed around the injection
point, then it disperses, and at the same time the center of the
peak (the mean deformation) moves, then gradually the evolution
of the function becomes very slow, and ﬁnally it stops varying, and
leading to an equilibrium state.
This can be further veriﬁed by the following two symmetric
reaction systems: 48Ca + 48Ca and 208Pb + 208Pb with the same
temperature T = 2.715 MeV. One may see in Fig. 6 that the mean
deformation value and the variance of the 208Pb + 208Pb increaseFig. 5. The time evolution of the distribution function P (β1, β2, t) of the system
48Ca + 248Cm at Ecm = 240 MeV.
Fig. 6. The deformation relaxation properties of the two symmetric systems
48Ca + 48Ca and 208Pb + 208Pb at T = 2.715 MeV.
much faster that those of the 48Ca + 48Ca, i.e. the former shape
relaxation time is much shorter than that of the later. For a sym-
metric reaction system of double magic nuclei, the shape drift and
diffusion exist, which result from the nuclear and Coulomb inter-
actions between nuclei, and apparently the interaction is stronger
for the heavier system. While the variation magnitude of the drift
and diffusion result from the intrinsic structure of the nuclei, so
that the magnitudes of the drift and diffusion of the 48Ca + 48Ca
are larger than those of the 208Pb + 208Pb. The experimental data
revealed that, generally, the lighter nuclei have larger deforma-
tion [9].
The shape relaxation characteristics of the reaction system
48Ca+ 244Pu (the composite system is 292114Fl178 ) and other systems
with the same composite system 292114Fl178 such as
58Cr + 234Th,
86Se + 206Hg, 102Zr + 190W all with the same temperature T =
2.715 MeV are shown in Fig. 7 to illustrate the isospin dependence
of deformation relaxation properties. With decreasing asymmetry,
the mean deformation relaxation time for the heavy fragment does
not change much, however, it decreases for the light fragment.
The mean deformation relaxation time for the Ca in the reaction
48Ca + 244Pu is longer than 400 × 10−21 s, while that of the Zr in
L. Yu et al. / Physics Letters B 730 (2014) 105–110 109Fig. 7. The mean deformation relaxation for the reaction channels with different isospin combinations.102Zr + 190W channel is only about 100 × 10−21 s due to a get-
ting stronger interaction of the system. So with different isospin
symmetry channels, the deformation relaxation times change, and
more than four times difference can be found in above. The varia-
tion magnitude corresponds to the property of the potential sur-
face of the corresponding nucleus, i.e. to the intrinsic structure
property.
4. Summary
To sum up, the potential energy surface of a nucleus as a func-
tion of the quadrupole deformation is calculated based on the
macroscopic–microscopic method with the Skyrme energy density
functional. This information is then sent to the driving potential to
govern the further reaction process. In this way the relative and
intrinsic motions are coupled. By taking the quadrupole deforma-
tions of nuclei in deeply inelastic collisions as a diffusion process
for head on collisions, the slow nuclear deformations are described
by solving the FPE, so that the mean deformations, the variances,
and the covariance of nuclei are obtained analytically as a func-
tion of the interaction time. The results shed new light on the
shape relaxation characteristics and the deformation mechanism
in heavy-ion reactions. We found that the deformation relaxation
shows different behavior for the two nuclei in a reaction chan-
nel, and the difference of the relaxation time could be more than
twenty times larger. Therefore, the shape relaxation of the two
nuclei cannot be described with one parameter. The heavier one
generally has a shorter relaxation time for the mean deformation
and the corresponding variance due to the stronger interaction
between the two nuclei. However, the magnitudes of the mean
deformation and corresponding variance are determined by the in-
trinsic structure of the corresponding nucleus. The deformations of
the two nuclei are slightly correlated. In this work, the dynami-
cal deformation in heavy-ion collisions is only treated for the head
on collisions because of the diﬃculties of treating the coupling be-
tween the deformation and the angular momentum. The analytical
treatment of the dynamical deformation, combined with other de-
grees of freedom in di-nuclear system conception, for example, the
proton, neutron number, Z , N , of a nucleus, the distance R be-
tween the two nuclei described by the master equation, enables us
to treat the multi-degrees of freedom in massive dissipative heavy-
ion reactions.
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Appendix A
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
a1 = − D1
T
[
2E12 + 6
7π
Z1 Z2e2
r3
R21 +
5
4π
μω2R21
]
,
a2 = − D1
T
5
4π
μω2R1R2,
a3 = − D1
T
[
E11 +
√
9
20π
Z1Z2e2
r3
R21
+
√
5
4π
μω2R1(R1 + R2 − r)
]
(14)
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
b1 = − D2
T
5
4π
μω2R1R2,
b2 = − D2
T
[
2E22 + 6
7π
Z1 Z2e2
r3
R22 +
5
4π
μω2R22
]
,
b3 = − D2
T
[
E21 +
√
9
20π
Z1 Z2e2
r3
R22
+
√
5
4π
μω2R2(R1 + R2 − r)
]
,
(15)
⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩
c0 = a2b3 − a3b2
a1b2 − a2b1 ,
c1 = (a1β10 + a2β20 + a3)λ1 + a2b3 − a3b2 − (a1b2 − a2b1)β10
(a1 + b2)λ1 − 2(a1b2 − a2b1) ,
c2 = (a1β10 + a2β20 + a3)λ2 + a2b3 − a3b2 − (a1b2 − a2b1)β10
(a1 + b2)λ2 − 2(a1b2 − a2b1) ,
(16)
⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩
d0 = a3b1 − a1b3
a1b2 − a2b1 ,
d1 = (b1β10 + b2β20 + b3)λ1 + a3b1 − a1b3 − (a1b2 − a2b1)β20
(a1 + b2)λ1 − 2(a1b2 − a2b1) ,
d2 = (b1β10 + b2β20 + b3)λ2 + a3b1 − a1b3 − (a1b2 − a2b1)β20
(a1 + b2)λ2 − 2(a1b2 − a2b1) ,
(17)
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⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
m0 = −D1(a1b2 − a2b1 + b
2
2 + D2a22)
(a1 + b2)(a1b2 − a2b1) ,
m1 = D1(a1 − b2)λ1 + D1(−a1b2 + a2b1 + b
2
2) + D2a22
[(a1 − b2)2 + 4a2b1]λ1 ,
m2 = D1(a1 − b2)λ2 + D1(−a1b2 + a2b1 + b
2
2) + D2a22
[(a1 − b2)2 + 4a2b1]λ2 ,
m3 = 4a2(D1b1 − D2a2)[(a1 − b2)2 + 4a2b1] (a1 + b2) ,
(18)
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
n0 = −D1b
2
1 + D2(a1b2 − a2b1 + a21)
(a1 + b2)(a1b2 − a2b1) ,
n1 = −D2(a1 − b2)λ1 + D1b
2
1 + D2(a21 − a1b2 + a2b1)
[(a1 − b2)2 + 4a2b1]λ1 ,
n2 = −D2(a1 − b2)λ2 + D1b
2
1 + D2(a21 − a1b2 + a2b1)
[(a1 − b2)2 + 4a2b1]λ2 ,
n3 = −4b1(D1b1 − D2a2)[(a1 − b2)2 + 4a2b1] (a1 + b2) ,
(19)⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
p0 = D1b1b2 + D2a1a2
(a1 + b2)(a1b2 − a2b1) ,
p1 = (D1b1 + D2a2)λ1 − (D1b1b2 + D2a1a2)[(a1 − b2)2 + 4a2b1]λ1 ,
p2 = (D1b1 + D2a2)λ2 − (D1b1b2 + D2a1a2)[(a1 − b2)2 + 4a2b1]λ2 ,
p3 = −2(D1b1 − D2a2)(a1 − b2)[(a1 − b2)2 + 4a2b1] (a1 + b2) .
(20)
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